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FOREWORD

This technical report was prepared by the Research
Department, Aeronautical Division, Minneapolis-Honeywell
Regulator Company, under Navy Contract No. Nonr-929(00),
administered by the O0ffice of Naval Research. This con-
tract is sponsored jointly by the Air Branch, ONR, and
the Power Plant Division, BuAer. This is a contract for
research involving the study of helicopter control sys-
tems from the point of view of automatic control of
flight attitude, altitude, and rotor rpm.
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ABSTRACT

This report contalns the development of the theoretical
equations defining the motions of a helicopter experiencing
transient disturbances from steady-state cruising flight.
The helicopter chosen for this study was of the single main
rotor type, employing a tail rotor for torque compensation,.

Included in this treatment of helicopter motion is the
consideration of the influence of simul taneous transients
in rotor RPM. In addition, decoupling of the longitudinal
and lateral modes of motion was avoided.

M-H Aero Report AD 5143-TR13 = 11 =
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SECTION I
INTRODUCTION

l.1 INTRODUCTORY REMARKS

The research effort of which the presently reported work
is a part deals with the subject of automatic, 'pilot-relief!
control of helicopter flight attitude, altitude, and rotor
RPM. Because of the interrelaticnship between thess flight
variables, optimum manual flight control can be achieved
only by properly coordinsted efforts of skilled pilots.
Similarly, improved performance of sutomatic controls might
be achieved through integrated action. This requires under-
standing of the dynamical relationships existing between the
variables with which the several controls are simultaneously
concerned. As in Ref. (1), which deals with hovering flight,
these variables include pitching, rolling, end yawing of the
helicopter, the wvariation in rotor RPM, and as auxiliary
variablesa, the transiatory disturbence motions of the heli-
copter and flaspping disturbance motions of the rotor blades.

These considerations led to the regquirement for a set
of equatione defining the helicoptar transient motion, with
due aliowance for the possible efrects of changes in rotor
rpm as well as for the coupling phsnomena betwesn the longi-
tudinal and lateral degrees of freedom. The development of
these equations for hovering fiight was described in Ref.
(1), and the present report contains the deveiopment for the
cruising regime.

1.2 ASSUMPTIONS MADE IN THE ANALYSIS

a) The equations were linsarized by presuming all dis-
placements from steady-state crulsing conditions to be small.

b) It was presumed that no drag hinges were employed
on the rotor.

¢) The main rotor blades ard rector drive shaft were
assumed to be infinitely stiff.

d) With regards to rotor blade motion, moments, etc.,
all harmonics above the first were taken to be negligibly
small,

M-H Aero Report AD S143-TRi3 -1 -
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e) The slope of the 1ift curve of the blads eslements
was presumed to be constant,

1.3 THE COORDINATE SYSTEM AND FLIGHT GEOMETRY

The helicopter's motion is referred to coordinate axss
which are moving in an unaccslerated manner in the direction
and with the speed of the aircraftis C.G. in steady-state
flight. If the axis system, with rsspect to which the motion
is investigated, has a uniform translatory motion, the rela-
tive motion of the helicopter can be treated as if the axis
system were at rest. Thus, Newton'’s laws ¢an be appiisd to
the motion with respect to These moving axes.

p-2

Figurs 1

The Helicopter within the Moving
Coordinats System

In Figure 1, the x, y. 2z _oc¢ation of the C.G. with re-
spect to the center of cocrdinatzs O is illustrated. The
point O is located at the positicn in space which would have
been occupied by the C.G. in the absence of trarisfenz dis-
turbances., It is indicated in Figure 1 that the helicopter
C.G.* may not be located on the.shaft axis., The directions

# Throughout this development, the helicopter C.G. rsafsars
to the C.G. of the machine without main rotcr blades,

M-H Aero Report AD S143-TR13 e 2 o
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of positive linear and angular displacements are shown in
Figure 1 and in the two sketches following.

Pesition of

L~ A/e/./’cqlaf‘rf
ZE nd)stipboo/

+X=

Axes merire Wil
>3 }E@ﬁ/jj - Ve 7@
Figure 2 Veloci ¥y ¥

Helicopter Viewed in XZ Plans ( 3¥= 0°)

Figure 3

Helicopter Viewed in YZ Plsane (}Wz 9C?)

M-F Aero Report AD 51;3-TRi3 = 3 -
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As indicated in Figures £ and 3, the projection of the
rotor shaft length h onte the XZ and YZ planes is presumed

equal to
be small

cos

sin

h, since the angles ofy
enough that

Xy = cos 0(3, =1
olx = Ox 3 sin O(?.

Because we
flight, the helicopter experiences rslatively small angles of
pitch and roll, angular displaecements of the rotor blades in
the plane normal to the rotor shaft are taken to be given by
angular displacements measured in the XY plane.

can assume that,

M-H Aero Report AD 51)3-TR13
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SECTION II
EQUATIONS OF BLADE FLAPPING

2.1 BLADE ELEMENT KINEMATICS

It is assumed that the blade flapping motion and the
basic forces can be determined on the basis of e = 0,

The x coordinate of a point on the blade span at radius
r, as determined from Figure 2, 1is

Xo= Xt ks t hoy =N paefB goa¥ (2)

The flapping angle ﬁ is given by

B= B+ foynasl + fo 2im Y (3)

and is assumed to be small enough such that
,amﬂ=ﬂ; /ca-a«/é'=/ (4)

Writing the variables in terms of thelr steady-state and
transient components, equation (2) beccmes

Xy = Y+ %t 6(2’7,1‘ Ay, ) -1 xs0 (Yt j/,,)
Xt Usthlay,+ dy)-n(cal, - Foointh)
Differentiating,
2, = Lt hdy + n[(Q,+ Q)aint + WO, o) |
G- X+ kd’%uu[(ﬂ;%—@:)ﬁw%
+ () + ZQAQo>/¢“" 54_7 (7)

(5)

(6)

Similarly,

h=¢ hotg, + (0wl + Y csa i) (8)
#.b.:j'* /’0.(“4 L hﬁﬂéf'“(z@)m}ewﬂo% M%] (9)

M-H Aero Report AD 5143-TR13 -5 -
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G, % + iy +2[(0y- % L2 ;c«v»;’ (0 + 20000)s5#] o
5 = f-'/?-/"‘/g (11)

From equation (3), written in steady-state and transient terms,

£ (AAA) ¢ (Fy* ) 0 (U + K)
* (P + o) piw (K + 1)

P= (P o) + (frt P+ Ph) s K
* W&*‘ﬁﬁ“@ﬂ@mg (12)

Hence, from equations (11) and (12),
Al /‘[ﬂ;,,*(/éyﬁ/g’% s + Ly +@,Q
= Al el (- /%Q
- Py £2,- /3?§Q /B&WQ>/0W}”] (13)
G-rlfi,+ (fr Bt 20. P, -2/, Q, 2,
”2/973—(2-0 /5’.0 ﬂaﬂ p&z//())co.s;é
+'(Vé /6331(2, “'23122 /%?A *275%r£21511
Pl - L B QW) 5 Y

2,2 THE INERTIA MOMENT

(14)

The inertia force and the inertia moment about the flap-
ping hinge can now be determined:

M-H Aero Report AD 513-TR13 = 6 -
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Note that in Figure 4 the flapping hinge is taken to be
parallel to the XY plane. While the flapping hinge will
generally be inclined as shown, for example, in Figure 5 of
Ref. (1), it was found (Ref. 1) that the moments about the
flapping hinge could be adequately determined ignoring this
complication. The normal acceleration (Figure L-c) is given

by
(%, cwy = Gyam¥)foy = (15)
Corresponding to the acceleration given by equation (15) is

an elemental inertial force, dFf;= Ay d#p , directed oppo-
sitely to Qp. This is the only inertia force component

having a moment about the flapping hinge axis, given by

M= o/z[(xb sl =goSml)ffy = Fd My
With 0//”6 /2 dn (17)
and retalning only first harmonic terms in » this leads to

[I[zﬂQﬁ Q(/ﬁ /5)+/6:]
4 J;[/.g_g_’(xf-hd%)—/2'3(?+th‘>_2(]]
+[Ib[/33‘ v Pl + Z'Q/é /
fTb[(X‘P M@)ﬂ ]]cos ¥
+[ L[ Ay - 52, - 280 Py, ]

J;[( y/ t ‘l' ﬁxn/scfjj Sitr }?

In equation (18), use has been made of the integral symbols,
Z, and J; ; defined in the Appendix.

(18)

2.3 THE AERODYNAMIC MOMENT

Several assumptions were made in determining the moment
about the flapping hinge due to air loads.

M-H Aero Report AD 514 3-TR13 -8 -
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The effect of the tiade element drag on blade flapping
was neglected.

The wind angle @ (Figure 5) was taken to be small enough
such that @ = Up/Uy.

The induced velocity was presumed constant over the
rotor disc.

The lift-supporting portion of the blade span (of the
HRS-3 helicopter) which is subjected to reverse flow
in high-speed cruising flight is quite small. Special
consideration of this problem was therefore eliminated
from the development, and a single expression was
employed for the aerodynamic moment of a blade element
for all blade azimuth positions.

T — ’
+Ur dD

Figure 5
Conditions at the Blade Element

The elemental 1ift force is given by

dL. = C, é Us" < an
= a(9-¢)/zu;/€ on

/ia(QUrz - U, ) dn

(19)
Since Up was chosen to be parallel to the XY plane;
- = / / y 0% : 59,%
Ul Zb 5‘/”}” 7 %605% 7" Z 4 (20)
M-H Aero Report AD 51,;3-TR13 - 9 a
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in which the last term accounts for the movement of the axis
system. Expanding equation (20),

U = (% + hdy + V) sin}f + (LD, + ())
+-<’;Z thdy, » KY) cos Y

The component velocity at the blade element normal to the XY
plane, relative to the moving axis system, 1s

X, A Yamp — Y gin i) aing - cs0/3
To obtain the totasl velocity relative to still air (as required
by equation 19), the inflow and steady-state velocity com-

ponents
v+ Y Ccos Y 51/;4/5

Uy = [(iﬁ\é) cos i - %,wv}ﬂ]p * V’;Z (22)
Expanding equation (22),

Up = [+ g+ 1) cos i - (}+ Ady, # ’f)m}o/]‘
(P + S+ fain)) - Y cow )5,
P ) e ¥+ (B ALY
+ v--;’ + /z[ﬁ;d* //% -~ L0,
FL ot P L2, - Py QY) tse Y
(P Pl - P02 - P L2,
- KO ) iy ]

(21)

(23)

M-H Aero Report AD 5143-TR13 - 10 =
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The only term in equation (19) remaining to be expressed
is the pitch angle 6. This can be built up from the follow-
ing considerations:

a) The pitch angle is composed of a "collective" part
which does not vary with azimuth. This part may be expressed
as the sum of a steady-state term and a transient (time-

dependent) term, as
/T
FQJ) + &,

The steady-state term provides for built-in blade twist, As
written above, © is measured from the blade element zero-lift-
line and the plane normal to the rotor shaft.

b) In steady-state cruising flight, there is a cyclic
variation in the pitch angle, of the form (- OBy, Sin ), also
measured with respect to the plane normal to the rotor shaft.
The minus sign corresponds to the sign convention assumed
for pitch angle, as shown in Figure 5. Thus, in tilting the
rotor disc downward in front, as required in forward flight,

a negative blade pitch angle is required in the first qua-
drant of rotor revolution, as provided by the foregoing
expression.

¢) As indicated in Figure 5, the pitch angle must be
obtained with respect to the horizontal plane XY. The angle
between the XY plaene and the plane normal to the rotor shaft,
as measured in the airfoll plane of Figure 5, is

(-%MW - oXx, Cod W)

The minus signs are based on a presumption of positive pitch-
ing and rolling (Figure 1), coupled with the angular direc-
tion for positive blade element pitch angle in Figure 5.

This expression can be best understood, perhaps, from a
consideration of the blade at V¥ = 90° when viewing Figure
2, and at ’y/= 0° when viewing Figure 3.

d) During steady-state flight, it is presumed that the
lateral cyclic pitch &x i1s zero. During the disturbancs,
provision must be made for transient changes in cyclic pitch,

as follows: .
(*‘69%35&~)V + &y, oY)

This assumes an increased nose-up blade pitch angle cccurs

in the first quadrant during the transient. This corresponds
to the direction required toc restore the helicopter to
equilibrium attitude from the presumed disturbed position
(pitch down, roll right - Figures 2 and 3),

M-H Aero Report AD 513-TR13 = 11 =
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On the basis of the above;
- /L _ —
6 = (ecseoof - “;é‘ Qd + QCA> ( Q?S é?&
* “‘/70 * O(%J M’% * (9&“ Oy ) L0 Y
= (%gsk{— '%%{é%f * é%A;)'“ C}E%as - éa%@

t o, + Oy ) iwy) + (Ox, — Oy,

- — ‘ 2
St — Ay ) o0 Y (28)
The aerodynamic moment about the flapping hinge is given
by BR
My = [A (dL) (25)

which leads to

Ma= & 3u(2%+ oAby + )% [Z sin S840, (¥
A1) < Q%] + 20 ol /;fo"/“"%
+ l{}f)]c, + (L) + 2_04_(20)3,}' (‘9;37‘“?.)‘
-2’[(4(22’:'&‘?5% tU)2 sy » l(//«f 4 ay,
tUY)s oI+ [0 (% 4 Al o+ W)
P ]C, + i (QF 4 202,08,

- %{K(Zi* 2h dy, + ) < +§/M}f@,(}2

* Ad, + i)+ QYT+ 22, ny (/;;

* G U ] - (0 2,005

PO 2 Q g + 078)
(conT)

M-H Aero Report AD 515;3-TR13 = 12 =
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_(o%__ 0,) (V. 2, aintf + v

+ 0. B aiw'y) + (6, - “"a“% Q?S ] ?’1‘/‘0%).

(e Q1B ) - 0 J

+ gt Oy, i+ cnth ) (4

# A )l Phscontp 4 2 B tin )

L (Ppar Bt ain it (B - o Y emty ]

Vi - S Q.G 3k + Ay, + 1)

(Pt L)) v b, 2 il Y p ingy + )
F Pt £ (Pt PR+ =5~ [ i 4 2
(e, - B4, Co _/5%_()&_#%;(20 "’/6& V{-Qo)]“.(% B/[/g‘b
Feos ) (fy+ Prldy+ el + JZNORTRON'S
tsinlf, (/éxd - %QA—P ?sQ"-Ig 3AQ"—F s %'(g;)]“ (%
+ A %)A,[\é(;’-ﬂ%mﬁ + #ﬁ{;c‘”’é)‘t z"M}{:,/]" (7
+//\0°(x4+ i %)A,ﬁﬁ(ﬁfg + g./%w%' # -éf/&;. M}f)
el I O Ny I
*+ (L + Ady)q (%, £2,)- (f + Adte, + KW ).
+ (i 2)- Qb (pLony - 5, 0,
" i i) (2¢)
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2., EQUATIONS OF BLADE MOTION

The equation for equilibrium of moments about the flap-
ping hinge is

Mg = Mu = Me =O (27)

This equation must be satisfied at all times. Under these
conditions, the coefficients of sin ¥ , cos ¥4 , and unity
must be separately identical to zero. Relerring to equations
(18) and (26), and omitting the steady-state terms (which form
groups separately equal to zero anyway) including the blade
weight moment, the following equations are developed from
equation (27):

Unity Terms |
4 () e A (-0.8)+ p, ((7A20). L),

~[:212,/9%1; # 2«9:_,&_(),, B -(8y +a3) Ve
‘Z%Q,D,—CV]+;"J,,‘ +f°,0,C}

PO AR 3T L)+ (R4 Ady,)-
(6, - (04, + 5) 26 - % ]

w (G4 A% (5 T) + Sy (£ HC)

F G RA0TB) + (o, - O (QNC) =0

‘ (28)

Cosine Terms

/j?'a (-1,) + /}A (“Qo&) - ﬂ.“o (-Z—Q. ]rb) +F'KA.
- (LA -L2,B) 4 ooy (- 02,6 1) + 0, (-fTs)
+ Qo (.35, -Cup, - B, Ay, (2) + (X
AU T )+ (2 Ay ) (LA f
~LLGA) + (4+Ad 26, (G

I
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-(By,+ (Xy,,)(-z'* VA) - & 2(), B -1 A V.ﬁz,; A/
% [2 O, (2.C V- (8, + %) 5 A — %% 2(0, BV,
= (04, + o )E WA + (2°8)+ 1278 fy- Vb -
(ufpt )] + (- o6 (424, + () B)=0

(29)

o Torms
oy CT) + f(08) 4 4, (:0.3) . 4, (5

- FWA)# Sy (16) + D (fy T + 0y
S P G o - (64 + n%)(Z@IZQ— %/Z@ V)
rALE Ay l+ Ghh - (20 hi 24, ¢ 0
= (By, + My EVA) - 2 F80.-44 !{/9#,
- A:U'J+ F* A% 54, (§+his,).
(WAL Qcay, y 0l V, foes
+ _Q; B,/ﬂA} " _;i;/{z% o) (% . Qﬁ)ﬁ
y (‘-,z ol — (0 57) * &, (2] iV C)= 0

(30)
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SECTION III

EQUATIONS OF HELICOPTER TRANSLATORY MOTION

3.1 THE BASIC EQUATIONS FOR TRANSLATION

If the force components acting at the helicopter C.G.
in the X, Y, and Z directions are obtained, the translatory
motion of the aircraft in these directions can be determined
from the Newtonian relationships;

_ W PAPY
ZF;=”7<R+E<F-—’§% (31)

2. F

(32)

7@2’"\
+
i+
i
9|
Q\SJ

Z/;:@k-;-j-w;; | (33)

Since all steady-state terms would cancel;, the left-hand side
of these equations should be written so that only transient
terms appear. To determine the main-rotor force ccmpcnents,
A s Fye , and ;2‘ , acting on the free body heli-
coptery, it is necessary to cbtain the contributions from the
individual blade elements on s8ll b blades of tThe rotor.

3.2 THE MAIN ROTOR FORCES
The expressions for the blade elsment force components
cﬂ& 9 dé} , and o/ can be taken directly from the corres-

ponding dévelopment“in hovering (Ref. 1). Thus, equation (51)
in Ref. (1) gave

o0f, = = X dmy + () cr g ain/l cse Y
- (L) g i Y~ (WD) cosfp tin Y
-@0) aim g 2im 5 o0 Y
(34)
From equation (61) of Ref. (1),
o =~ g dy (o) cos f i i f
~ (L) win B o0 i - (1) m/cm%
# (/D) i p ain o Y (35)
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From equation (63) of Ref. (1),
df, = dWG = 5,dP, - @lL) ceoff cooff
#+ (@0) sin & aaz/ (36)

Note that in equations (34), (35), and (36), it is possible to
combine the last term in each case with a corresponding "1ift"
term; for example, 1n equation (34) this is

Lin 8 ol [dl sl ~ dD2in B/

ainp aip] dL— dD

T (aimp e p) FEE[(0-F) - e Lefutdn

a Uy

cr

Now, Cb°/QL 1s very small compared with 1, and can be neglected
with only minor error. On this basis, the last term in each
of the three equations (34-=36) has been neglected.,

The evaluation and integration of the three force equa-
tions (34-36) has been carried out in a manner similar to that
indicated in Ref. (1), to yield:

Fr, = —(7Z+/,d’z1)b% - (% *%dfﬂ)[/if—@ﬁg—‘
*o A% 5 (6, *ay) - -
(&, - F D QA [r(yrdd)
(e Pu e = (8 ) (PG S PR )
- Py 2 "g'* ~fe VU FE + V> &, (__‘9“&?':"%
Y50 (e, B 4)]

=4

+ (Onam 0| QG - (4, 8,)-
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EQOVO' 'U’_Q Aa] /}[_,,/3 (2‘& C‘
+ﬂ&}__/3%v,(2 A+ 0, (Be, Co - Q’B) Q.4 (9
+0{?)"‘Q v 3;4:.]4.(5,‘&[;9?5 "'-Q (9% & c% &) Az’
+V3'4"(9#'/' )+V4]+éqd[/"%-0 =+ /4 §7
*+fe, [P\/oﬂ/)z«-ﬁx zC‘]-#-ﬁ[ﬂ?_, 03_6_-.,
—V,,( T 21-_ ?éd % +—(20 Cz(g?'s""%)]
+.0 [-/b Prs 2. c,_+ﬁ%£20(ec, zc, - &, 8,)
-(%Wa)((%s % g-rgy)- ALl - fy 4
" [T EA "VAL?‘* &,[ Py, Q7. —yr &

+}[V°(9c‘z 9.,{,4) —Qo ﬁ‘(@fg* )*ﬂ?s O-Z-AJ
+[ Po K12, 2 - % [, (D] & +ﬂ;,._C.L (@Cff""/e%@
_ﬁys—Ql /I’a[éf ” %) ’d- 1/’2 ,.4.,__‘/47 Qy-f%%

“N(B, S &AL L) £5(9, +0y.) - (N/A]
— (37)

=i /;o(x)bfé - M/ Xa/x/ A VS804

2 -
- L2, Az"ﬂy '//96 . T T 4. Ve, £-%4

2 R =z
-2 A]‘l‘ (Z+ A A} /éu m/)(ﬁ fﬁxsﬂoﬁz)

“BﬂCQ(ch L G &Y. B /( - Z4)

* [, ﬁa\/ZE *‘ﬁxsﬁg Cai‘ * e VG & 7

* ("’3" St [ (W 2+ () &) P (A, |
(o= ote)- 40 2 - Q&)+ 1), [ (8, +
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v ) te, Q.G+ B A - 34 ACS QJQ zﬁQ{%
- %5)-A k00, +ﬁ»«s@'w+w*ﬂa>;7+am<
PR AN L ¢ By [y e 0 (8, < “’)
VA V(G + 0 )] 4 /%,f/«s 15, _ﬁCQ’
F PN Ll L[ 3]y 0 3 A ]+ foey -
[ AV 24+/5x; *Q]v‘-/ﬁ’ [,6@(2“”-#“5;
el w2 s r ) sy &, %
_ 9d C) P?S L+ YU 5E ../3%[2& i + fPx, e
[' V(@ __'-_ 9« ’43) _Q (Q‘SQC - %gz>
+t LA, CQ?T’+ ﬂ’-;)-f—/ﬁ?sl/oQ,? # U:Q 4_/ Z/_g&/d}t
+ VoV fes £ £, — S Py (S ”*/g‘-}/" 2 (8 &)
> ﬁ%_@z% (st"‘ Ay +/’x /{;s,i/_p '4L -A/stzrﬂ
LR N N S Y /X,Q (e, c,-&8)
+/6x,(2,l£/4;/<9;,+ “h) = U (o, Az-Q &)

(38)

- -}é——*ﬂAéf-ﬁ/)’fﬁQ/>[V(9c. £, - d/))

(G 0 4]- (8, "”.A,EC; {,4{] #(J,e
|- 242,(85,C,- £ 8,) + (64.+ o, 4, + Ay
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ra - 0] + 5(-12.4) « AA6)
+/;'xA(Vo -’-i—f> + [b%— Voz(gc&—é—z—i— %_’{)Q)

£

- Qe c. - 9/; B.)+ (& + a) Q Uk
+ QA [

(39)

3.3 THE FUSELAGE FORCE

During the transient disturbance, the helicopter fuselage
may experience changes in fuselage drag and moments which con-
tribute to the stability prablem. An extensive review of
existing, available information has been made to guide the
present development in this matter. On this basis, it was
assumed that the fuselage contributes a single force component,
acting at the helicopter C.G. in the X direction, in accord-
ance with

A o= - 2% 5

X oxX (40)
Now, g 2
. N
= Co 2 TR (W X)
T Cop 2 RGP 24 )
Thus
’ 2D
r 2
o = Cop PIRK
Hence, '

/;:F = - ((p,(,/”’etyo))& (41)

The variation of this force with changes in fuselage
angular attitude has been ignored.
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3.4 THE TAIL ROTOR FORCE

The following illustrations serve to define the conditions
presumed to exist at the tall rotor.

Vtha% | ( .
|, z/ﬁ 7 =
v
Y g
¢ b
LT N g
() (b) c
Side Vieww T;,!, View Ta:/ /egf‘)or Z/aO/e
E/ement
Filgure 6
Tail Rotor

" In this treatment, blade flapping 1s ignored, the inflow is
presumed to be uniform, and the influence of the reverse flow
region 1s ignored. With cxéz a small angle,

L&; ='.£:2t./et -+ ‘\/./ﬂWb‘%%

(Q, + QA)th " l/{%}é )‘%&W{) (42)

Upe = Up - Ay Oz, 1 s V- Oz, (L3)
ta = e‘f: t QA/t (44)
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oo G r Bl (o) (u5)

o7 = O/Zt= ﬁ%@t(@% Ur)O;Z (46)

With V= K-r‘- i , equation (46) gives, for b}. blades,

(* 4

(&, * ‘9%)[—@; G + 203, 0, G
14225%/4? # kf'Qféf%;2z-Z{§i%t (%2;
-—/44'5ﬁ§‘f-ééb"é;C%%:>A¢ + “CZ&}QT/%E)7

(47)

3.5 THE EQUATIONS OF TRANSLATORY MOTION

It is now only a matter of substituting intc the rela-
tionships of equations (31-33) to obtain the equations of
translatory motion. The required substitutions are obtained

from equations (37), (38), (39), (41), and (47). In terms
of the stability derivatives as coefficients, the following

three equations are derived:
Xp 2ot XK+ Xyd o Ka G B
+X‘Yz, O, + Xo’(x‘d’a * *a(ﬁ(’/x, + {a&/&
* Ko P+ X A, Pt Xov Pu * X £,
"M At K G- Xe, &,
+ X 6, + X@CA QCA (48)
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A 4
@%+@%+%%+@@
(49)
I HF e ad 2 4
+Z‘/£‘,A/;b + 2740/% +,_1“# o/?, + in?ADA
" E P Fo &+ Py O
’ a ’ % ° (50)

The stability derivatives in the above three equations are
defined by:

Xk;== "(%%'—F f>j%%i)

3 A
s [e e £Q% 405 4156

A °© 2

+-6§£:)4L bqéé%éégé-£§%€§i>+ _121‘/£;27
Xy = PefyVola= (8 + o) (A i %o 8 Q4

02,
CPRfRlaS - Avia s a0
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- -4
= -} 5 h
Xdﬁa= /'[)?x ' C"Fpmz%]
Xd'?’A = "'_Q,, '22 (V’/{%s — U")
X;( = A Xy

X/éya 0 F )
2 >

ngy N —ﬁfl"/ﬁaﬂz +’Q°(‘9‘%ecz z %

A _ A, A

’o/-Q 7@5“’“ &’%)"‘QV%—'

_ /42. 2 z

eyt Gk - Qla, S 4 8). 12 (o,
s Q/?°> -+ 'U"AZ

Xp = —AUQ A p QO G
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8,
Xo,= /Pl G+ Ll (8 20 228)

z N 2 Yy, 2= '42'
REACAT S RV Py
‘/6%7214 - Y A

Yo = My,

o, = Xy,

Xe, = = (Pp.L% G - v )
y = -W_p ¥
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.(h
)/0(7 = /@(Vozz'{l* o ‘;) ""/{,%—Qﬂz
a
&A:/gfs %—QO(Q"SR&_ %52)
7“7/—/42-/- l;,/_%’:(gﬁ‘ ) Q;/a>
- e _ 0 O A,
&’;- P66 - A 2T B A
2 Ay
)2,:4:/6%'@ % o Vo 5
)//&XA = -Kz('%{e g—%" ‘%é)— _@‘( Cc Cz‘"’ %52)
" %QAP-(Q?J V(],) "Qo—f_;’:(/gy Vo + v-3)
= 3Cs
}/éq- AJV 3241 +/~’Q° 2
v ; 2 A'—,&G
K%A = Gty S0 26")”5‘5—(2.(%? 2—“'7)
R ) - Sl
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- %( gz:)— Z xs-Qo[ 53)‘/%/%—(262
+ ,’(_g_.A,_wr,c /7:’4— + 6, ZQ%C,
~- %A,
5 = C‘SZ szz_/gxs_Q 3Az
y“i‘A ] 'Qox: £ + A
Yy = L0, K A,
Vo, = Vo,
b - %,
Voo = P (Vo 52+ Q7C) + 34 LS Ay,
det_—. - G- W ¥
Zy = X,
/ 7
Z; = - -{:a>/4
é? F-
Zx = ~W(C & - QAyp), (G + a3) 2, A,
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b3;

2,¢
Az,
—(:L\A;/%z

iEJQA.:r “'é?j:z’(é%%ecz'— %%’E2;>'* <ﬁe%h’*‘i§;)»{’42

2, -

+ VA,

i Ae
2

Vozfs"' + _Q:Cz

F—4

SN
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SECTION IV

EQUATIONS OF PITCHING, ROLLING
A A

1.1 THE BLADE MOMENTS

- Inasmuch as the inclination of the flapping hinge is be-
ing ignored in the present development, the only moments
which the rotor can transmit to the helicopter are associated
with the eccentricity of the flapping hinges.

+Y 1 A,

oAy

Fla in
anre;, \f%f%r' (\

) Center P Parallel 1o

() )y XY plane
73r View of 5
_HMinge Arm ew A=A
Figure 7 |

Forces at the Flapping Hinge

The views above are similar to those shown in Figure |
previously, but here attention is confined to the region of
the rotor center, hinge arm, and flapping hinge. Shown act-
ing on the rigid hinge arm, at the hinge point, are the three
blade force components /;1 9 fjr sy and /5 . In transfer-
ring these force components to the rotor cdﬁ%er, there must
be i1ntroduced the moments associated with the distance through
which the forces are moved. The moments are grouped into two
components, /Mygand My , given by (see similar development
in equations 107, 109, 112, 113 and 114 in Ref. 1):
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\

M e, _ oy (51)
h;_/ ’ﬂ x6=/ 92;/ }b 5

- : (52)
Mxé‘/ ) ed;ﬂ %:/ * < Z:/ ey }ﬂ

The algebralc signs in these equations obey the conventions

established here in Figure 1., The angle oy , shown in Figure
4(a) and 7(b), can be expressed in terms of its "components"

Ay = g Coalf — ohcain (53)

The minus sign in equation (53) is a consequence of the position
of the flapping hinge in the first quadrant of blade azimuth
(see Figure Tb); as shown, the "roll" component of &+ corres-
ponds to a left roll, which 1s taken here to be negative.
Expanded, equation (53) gives

Ay = %.W/é-[%%*%)'
> Sin -%W%] (54)

The blade moment components Mg» and Mx, (equations 51-52)
can be evaluated by means of equations (34), (35), (36), and

(5h4) .

.2 THE ROTOR MOMENT

Instead of carrying out the evaluation of equations (51)
and (52) for each blade and then summing the contribution of
the b blades in the rotor, consideratle reduction in effort
is achieved by (a) taking each part of the blade element
force expression, (b) performing the operation called for by
equations (51) and (52) on (a) above, (c¢) summing the con-
tribution of b blade elements of the result in (b) above,
and then integrating over the blade span. Thls was the pro-
cedure employed in the hovering analysis also (see Ref. 1 -
Art. Lj.2). As explained in Appendix II and III of Reference
(1), the process of summing the contribution of b blades gen-
erally corresponds to averaging each part of the blade element
moment contribution over one complete azimuthal revolution and
multiplying by the number of blade=s.
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An example of the above procedure 1is shown in the follow-
ing. From equation (34), and the first part of equation (51),

there is the term edf(_ £, me) =

eZ;/g, Cwyé-[(«?,o}ﬁa + O(XA)M%‘Q/%W%]-]%[[&
*%@A-m[(—_@—}QQZ)A_MZ ()
+ Z.QAQO> m}é]j(}/mbf

Summing first for b blades (note that
b db b (20 e b o amid
ot A= & ot Y i o o
2_70 %J.-ZOSMZO/O-ZWO 05090 p 0)

this yilelds (see also Appendix II - Ref. 1),

R 2
_ : n 12] >
b [ (2 200.0) % + 4L L] o
Integration over the blade span ylelds

-2 [ot (Q+22,00) + o ()7 [ L4 55

Proceeding in like manner, the total rotor moments were obtained
as, omitting steady-state terms;

M?’R = e ;(72 + A Q.%,A)[Q’%@CSQ ‘A}k (Q?S'f‘ Q/y +P‘.‘SQ°A7’.
-($* %, A, Z)- %ﬂ%vg—z_ +/§l{;{7f /%4-"5?4)'
.[0(7op°s (ﬂC,Vo% -+ px,Q, 3"'25) 1 (0(3,0/97.521{9 % “(X’?OU—?)‘
: (Q‘dsr D(?o>+ VO % (973 4 0?0) o '(20 (/0/;0 ﬂ?s 7 /)(Q’ﬁ/qz‘
&)y, (b )1 e (P
+ £2) 4 %(/’%-?*@7“ 9&[0"?0/9&-(2%%& *
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to [ pa bt (0 doy)- U2 o p U0, S ~#2)
'-/d-_QA (ﬁ?l/8+ ) PxS(A/QLC?“T%-g—Hf 'pr[}_Qd
- 7%(/4%%Az+ﬂx,QC27+ ZG-V%/?#.QZQ—- Vo (D/ -l
+ )+ (2,7 ] ﬁ?a Z __x] /#4 [“’30 A, Q 5&
* 0'/30 (QCSR’A}E“ @C‘ Q CZ (Y _Q C"(Q?K-I-Q/?a)]
" Ptalg. Qe o 34, +ﬁ 2 i" o @a@sﬂ -l 5
Hfal Qe - % 8. %-@V 42—(9 S
L ”‘(0’?”*"]’“&[@% fo 2 S 3wt
T 0(? Prs 5]+'QA[P"5 z_]*.Q [;/7.9 Ly - 3F‘5'Q(€° Cz
‘EB= + 04 fe, Aa(e *"}fo)‘*%ﬁ,z(ﬂ;‘/ "'@"’ﬁ Q (L;,
DA, C BT ol e .2y kS
+Vo € _ 2 _]+ o(xA[&# (p?‘g'l—g; - Vv )g-v,%;
+_Q7-C-; Fe_,/st_D + (/Q?I‘Q V, - U?(@c, A

i C‘)‘&?sg Q - Vv 2B + Ay +plov G
+/973 Yok £.’.' + ot Ex 6;_ ~- 355__(2 %]} (56)

r

My, - el’/(”*/%)@.ﬂg(/’c,%f AR L
‘a’y/%—o (Qc = - %—’ )7‘ (G4, # “?)(Q'}// Vé'_,c&?vfs
+ W 35)—/- }o/% Sl/3+zf'—) /Vﬁ%..ﬂ(@cs
- Qdc),c & (/ﬁ __+ 7/—)]+ (/ //m‘)[ a?olﬁc_lé/%

‘“‘9"’”)7‘ (“%7: /)0’ (/Q +/x,i/-€"/~) 070/%'
o (e L2, 22 ¢ Pl ) - %% P _(2 (©e,p L. S G
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- //91,7/'-- X:’/EL - /e, 19 A]" ;A[&f/ /’?’0
)t b O C‘j‘“%fof %""(ﬂ? otv)- 2 () &
USRI (05 00)e 4 45
RN O L LT ST b3
- 2 f_iz_-+l/e,2§;’~+.52, 2/ + f*[“%ﬂ" / [H2, (1~ % p5Y
—0/7‘,»{(&%_%»- %g;: 4-0? Q, C"-{é M/#,,)] + Poral 123
/9%1/0 o Fhe + Aty s (Vo -+_Q C)]f- /3; EfyﬂgV7'4‘
oy (axsfzozs:-_mmﬁ? o 2 rd) -y g,
< (B, &)+ /97 Mw.,«y,‘é-ﬁj [+ fe (4,02,
+ 1, A2y o(? ff#v___ aron,,(@% - Q2 a?y #(9 1 44,)/
+ﬂCAE(#, z.f_Q/st ZA )J+ [0(3,_1? . (Pas%ﬂ)QVGAJ
+;[Wyo|{§(7/’7,+9y:+°fy) *“%-(Zo(e% &) -k
- Q’7O‘U'Ez_] _Q [ﬁ(‘ /3#37‘* --QAL;«ﬂ ﬁx 4 ?'4"
T s, p .G, - /(ﬂ}:@fﬂi}(@:—z—'wz P £, ‘//Ka &
-@c)+ﬂf( +a)-4,Q QC_7+@[@}/ 2.4

plr (L2 )/+ m/ A VA
PSS Sy 0
ég e G%HB C?L/7A ] 2 o)
i 2)- (Gp: * %, )1 VL ARE Y R .._;,..>
~fe, V0, /"+ ﬂx,Q,l{(ec A, - @() Ptk L5 -y K
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4.3 THE FUSELAGE AND TAIL MOMENTS

The contribution of the helicopter fussliage and fixed
tail surfaces to the dynamics of cruising flight is a matter
of conjecture, In the presen® development, it was assumsd
that the longitudinal (pitching) motion of ths aircraft may
be affected by moments arising with the fuselage and tail
surfaces, while lateral (rolling and yawing) motion was not.
The latter may be assumed %tc be a consequence of tail affects
cancelling fuselage offects in the latesral axes,

Air Melonities
ﬁelaHM? To

S+t Air

igurs 8

Longitudinal Forces and Momenis ¢f
Fuss.iage and Tzii Surfaces

The fuselage moment i3 usual.y wriiten as
Ma. = G, P 7 (58)
(5 " T2

During a transient,

fVﬂa, _ a‘hdg%: o
-"A (50(8 .a’h
oG Vo
= 2 Ve 3 ‘
‘507.; 52 7R oy, (59)
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The tail provides several moment terms, as fcllows:s

7% |
L, = C, /22 s, (60)

- 7
 Gieer )
= . d’r(g;‘v‘-ér—z) /ez S;-/r (61)
/299. - 2)/b§ﬁ§¢ o/
4 ch'- 3ﬁ&
© &
R A7
e (L 5.4, Yy (62)
= - M
/7, %4, (63)

_As shown in Figurs 8(b), *the tail 1ift alss depends on Q?,
and s 8ince these moticns affect the tall angie of attack,

Thus, the moticn‘jg ﬁ?v *ncreasss the angie of attack, so

‘SLT = dL. A cc /:;? gi-
— ) 2 yft -
- a /'?T “ ¥ v
el = 5 (64)
Thus,
—-— ry < r _
M%h' - -4, 4 ”% ﬁ_ﬂ/’o Sy Ay (65)
A 2
@ A
= - M :ﬁﬁf » 6
,7;’ % of#ﬂ (66)
180, . s
—~ A3 L, & _
ALy = -~ d, "2?' /0"3 Sr (67)
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J

M%’T %/\{ ((68)

Thus, the taill surfaces contribute to the longitudinal moments
acting on the helicopter as follows (from 63, 66, and 68):

_ A ' (69)
Mir, = = Mi (gt %= ) 9

4.4, THE EQUATION OF HELICOPTER PITCHING MOTION

The free-body helicopter with iongitudinal forces and
moments is illustrated in Figure 9 below.

4=

Figurs 9

Longitudinai Forces and Moments

Thus,

f;gh_f;lxga%,-f- g{ha’f + /;[/’K,,-f- My + M# * M}‘r' 1},0% (70)
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Of interest here are the transient portions of Fig;g Eég.g
My, M*f s and My_ , and the steady-state portions of
Feo and e (see seccnd and third terms in equation 70).

These terms are given by equations (37), (39), (56). (59), and

(69). On this basis, the pitching motion equation becomes

P&mo{% -+ P&UAD(A -+ Pa( D(A + Po‘f 0(,‘&

I . 4 .
* e Py Al Pl * A
CAA T A A - BA

(71)

The stability derivatives in equation (71) are defined by:

- _ 7 _ M &
P@z— Zy h b 2 * /;,é?ézsa/a

Gy, = =(h- o) h[m Q5+ f 0, 4
* Ay L2, é‘z(@," Ay, ) * (6, 3:- %43)
* ‘QOAJ.]‘* (/IQ’% + 75_;)‘)[' ¥ (&, & - ;?'49
.+ (973 + oy ) A 2]4- eh [ “ya F"»’ i) *_45'; (97‘
tAy) /ﬁcsf/: A, (L+ Z oy, /9?,:) - a?o/ﬁx,’U' %
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3 ya
+ﬁ"3\4 ;] Myroc Vi

2 ’42
b m)[QUf b Q2] A =
VAL LG G - 2a)- (4 Qi
FL ) O m)- g D Ay Dot

<

= %V’(@Cs@%“ '@"’g{')—"QOMA-;]’L %%}04‘2{’).

K

QYA + 4 [b, - AL 24)- Q5 (a c
" 28)r (6, ) QUA, + VA2 A [+ [-fo.Q, 4-
: _%3_.(9?3_ 20y)- Q0 & . 4. Q) (Qc_,,a &g k)

z < 2
LA ) g Oy ey

z 3
7 C’“F,( fre 7 r® - Ma'"ra

2

i

da

b e o+ gy
* /BX‘Q" ’ét)"‘ /3)“’/6%"(2 4-‘2 - /5‘3'?]_2162+/3€,Do(9cfﬂ?£3
2B Pei(Q, - L 4], Aoy fos
(K E *P%Q%)*(Wz-%?-%”'?-)@*%)
+ Z—i—‘ (97‘, + "},) 0 (%/#: + /)/QC%AZ— %Q)v«- (fz/-
+3/9?5V0)a?o 557& * w’oK(P;SEIEf % ’ ?(V
“ D)
-2 4 ST [ (0 v
RIS Afu i) e (D 4-0)
(% 2 - B8 (20 U 28) (g,
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G~ 2

f;%;=; (%‘-ZQC%r)[:f%'j:L-EE + B, »/ééiz+n/€%/%fﬂaffé
- 290 0S50, (0,
+ )/

v* )% ° Z
PO Ea, - p Q) - QF L
F/5XA= (h-x,wy,)[/%\;g;_(g(gs F-3%)r A,

KBy 5 ¢ sy
+[2“Q° % - ?Sia/}. (/c, l{/’z""/{',_(),(;)]

Ps = —(h-_ *C

i (}}e;%’a?;>/%kﬁzl %%. " [;(¢>;%b'fzfﬂg?
F (ke ), Qray

l?;A = (h(}’a,o'f‘ xs) b j;
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%, = h-rof 228 K(a, 4 4c)

L3 Opr )] lhay, 1) Q.G
T (e QG P L)
o, = (h- %) LV QA G ], Ol
- 4 4
ZZ)* ‘*Z—Qngf/@,«g‘% ¢ D5 )22
‘(Q%ZZ*fLA{)
Py =-(hoy + 1)p L
?- = /ﬁ—lé%)[l{/ 2 = %-24"-)—52—:3(%5* %.)
02 2]~ (hay» B) QA+ [ D e
,'.a%/ﬁxs 1{';5']"" MVQ/I{
Ly -
6,7 /2
- /ﬁ - ¥ “’7)[' X %ﬁs 2.G + ﬁ #sQ" (Q"%ZC"’
T Fead- (8 ) fuutvh) fiL
"/5;_:%"24" -/gys‘d’;ﬂ,_ - K@]% /Aa’zvt Xs)-
[20. (e, - S 5) . CRINVY
A,
+7A, ] [Z,Q,z,, -y f (4 - 28)
BTG w0

#v) - /éfs"@(l?'a/aﬂf (z)"‘/jé'r-Q Cz
+ ﬂg, %.;i_'.] /
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4.5 THE EQUATION OF HELICOPTER ROLLING MOTION

Figure 10 followlng shows the external forces and moments
which influence the rolling motion of the helicopter.

4—i?
+Y A
- {:0
YW
Figura 10
Lateral Forces and Momants
From the fligurs,
/};/H gqéa;a + M, + Zg;é,t = _Z;af'XA (72)

The terms required for equation (72) are given by equations

(38), (39), ().,.7)9 and (57). Expanding the equation into the
desired form ylelds

/?&; CQ; + Aﬁ;%:j;d + ﬁzxéf};, -3 /ﬁ; .
Y R ¥ A VA
’ /€/‘5"4/& 5 7 le/’xAAfA * ﬁ% éﬁ # /F/?/ y +
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+'€/@.A/4 +’éﬂcﬂc+/?'t+ 22’ /*?
+/ea(2. o2, + E_Q .Qa—f- f_QQ ,ege Qea
t E@ Qx + Ko Qf

a
The stability derivatives in equaticn (73) are definsd by

+/’[7ﬂr W - )+ (4, 49,)-
(Al / %) 5 (k%%
*/»«sl/‘fz) ﬁ;//xﬁ(é 4 2

DoV G~ ;Z /A% 2]

M-H Aero Report AD 51i;3-TR13 = }3 =

CONFIDENTIAL



CONFTDENTIAL

R, K1+ 29 (po 1 #2000
A \ 5
AL, e 29)-pilles- 34)
e XAV Ao¥ v ie )
CLRA BN B Q Rl Y
I ICE S OIS
’[d}o/g%g'é* 6(}07)“/2 -+ V;?)f» C{}Oﬂsf/,}/z Ve
P2 - Qo h- 8. (0
ey
/?a? = A//:%; (lr{z}é + Qa—%h/r, Z—Q/’g*‘_//;zi’é
) )
"% lo/%//‘?ﬁ-Z 7 Z/) + () *k (K
CAALEA) - 5 (10 G (279) - (g, 2
- 7%)(/#5’49, rvell) - /*%fs* ‘.‘Zt)(%lév”’)/o/%
+/%lg_§_z.(7v~¢3/%@+ U’lgéi./g‘;a— -«.21_2‘:-.’-_7
Gy =~ 4%
kg = ,?,,-(XA/,[ - ”{t“O&: Ay
K4 = Yz
By = BLALLG + B K EA] () Gy %)
RS- 240G (4 a5)]
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s = hl-k(e, &-%24)_ Q@ G- 28)
B A (8 + ) +&Vﬁ’42# V_Q§4J
Q ﬁfﬂ/ﬁoﬁ .Q ?4 }o/xs(y;’é;,&ﬁ()/
f/g}d— /)[(5}5 742, ___Qo (@C C’l— - @O’ 5‘)1‘ UA,
id 42(97,*0‘7)] [“’yﬂ Ve G-+ /@&Q?!ZC‘
{2 L4]
&% M’: RO AAVE T WLV
7"3/‘9&‘/) @V.Q/Qc .’.43— *+ &y o(/(é’s
P k- (a7
//3(/9 l//42+/.{‘_,0€:)/+/;{’74 +V—5f€/’/§ Y A,
"L o - 28wy (L (60 i)
£y, = ,/Z?Q,-.«a%)(rz S+ 8)-su() (e, £
- 2%) 4U% 4 brigs_ g (OF S [+ fa -
(/ Vet (O px, FA)]
(Fa’ //)) 7+ /étia/é;l
G AP R p 2 24 %K 5 (7,
DA AT C N S 7= SR,
-a}‘v—fej
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4,6 THE EQUATION OF HELICOFPTER YAWING MOTION

¥ -, - \: . a, », ol & ¥ . L s 4 L “-‘.' R )—-" -". !” ‘f" A" "t‘ "‘" --_’?..
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S, = A NHAL,
S&x 3‘//a/, /?’.; Aﬁé/
A ( %+ %) 4 Z

So(xA': ’(//ﬂ/ +Z>//;g"/5 > fﬁz’Q Z +ﬁ9&‘0”%€
*%W(% 2-94)va 2-24

S, = (Aoz,« z)[,a%(v: .és+_(2 C) /9 z()A]
+/,[}3C3/4,y? C LA e AR

e F (Cpr ag)+ fa —OZC"(% * %)
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¢ 7]2.(20234]

S~ (h %+ [Py, Y FA- () (o, $-9Z
t VA, + AZ.({é%%r1h c%%;)j7

‘syyh== (ﬁlttﬁ? #—)ZQ)ZZZ% “E, /ﬁés_(;)lwfz

+ PresVo (2, A ]
Sig S’&?A/h _/t VOEVQ
Sf} ) S&xA/A
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Sy = S‘d&d/ﬁ + A, 'Qot Ay
S5 = -(haty + Z)[ P Vo 26+, D 24.]
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SECTION V
EQUATIONS FOR AERODYNAMIC TORQUE

5,1 MAIN ROTOR TORQUE

The torque force acting on the blade element is given
by (see Figure 5):

dfe = D + Pl (76)
Thus, the elemental torque is
dRQ = N dhi

[P Gy pee(ous
- 4°) oé;,] (77)

Using equations (21), (23), and (24), and integrating over ths
blade span (negilecting the hings cffse%), and summing for b
blades,

@u= (X Ay Vids - (4, ¢ "’%)//%/Z;{?*”‘@

e
-)ﬁ%:.kfﬁé-n//ﬁg/éé,(ZZC;.__ kgzg;{%”%gqu/%§i>
/%, 7/'4;] w (G A% (8, + o) (AN
+’Qf/° ¢ ZE)"/%/%QQ ’%{s/}%% % "/&7_/"4:';7
Ol G v L fy O G A S
- Y Ler oy (LT [0 (0, G- 2 2

-

-2, B (5y,+ o) * P42 B + f4, [:"52/5“3
- L0 C - L2 fe B + By s 0P B
+ (3%[(97, + 0(?,)(12: '-Bi-'-’-— azéf)— %;ﬁ, 3—%’:-%”742. |
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'_-Czj%%kfa]*— /éb £(2 (ékae B éz .> 525(69 *1%%:)

"W G -29C [ - /s [y /A -/, .QOC:]

P v a s 0, e, - & 2B+ Uz (o,
Py ) Vo AL+ zv-A + {220 B, + v (@, G~ 26)
'*/%hufz EB (é%%7L&%i> /@%/9 \/C? _J;>E;(35 +7@?‘2]7

t x, [l/oz'ﬂx,%i * W P+ QF p, &

+ x4 -Vozﬂxs—f—;——— 1/0__0/ ————_Q /X; = (78)

5.2 TAIL ROTOR TORQUE

Similarly to the preceding development, the tail rotor
torque 1s given by

@ = r, (& oL, + db,) - (79)

R 20 %%~ %)+ G, 4] (80)

Using equations (42), (43), (44) and (45), integrating, for
blades,

@t: 69%7[ )t)Z:Q 6(7}’ /é,t%e"cy
- Vo“é) + C’]
AY(/ez"( +% VO@O-,L_Q B.
"2 ’O%‘Q%B‘ A + BTAS (81)

4
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SECTION VI
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APPENDIX I
THE STEADY-STATE EQUATIONS

The development of the equations of motion in cruising
flight as described in the present report included an under-
lying consideration of both steady-state and transient terms,
In the body of this report, the flinal equations deleted pure
steady-state terms, since in any one equation these terms
must collectively vanish. However, for purposes of calculat-
ing the transient equation coefficients (stability derivatives),
the numerical value of many steady-state terms must be deter-
mined., This in turn 1s accomplished by writing and solving
the equations of motion under steady-state conditions, that
1s, the equations having only steady-state terms.

I.1 THE BLADE EQUATIONS

Based on equations (27), (18), and (26), the steady-
state equations are as follows:

Unity Terms:

(I-1)
Sine Terms:
o= K[ )i d-pu e/
YR CRENY YNy
r LW [za, - 22 4])
-y
;U4 1.2
M-H Aero Report AD 5143-TR13 - 54 -
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Cosine Terms:
f =—0VZ/4-’§-_Q%§Z,‘_Q0V/%C (1-3)

I.2 THE HELICOPTER FORCE EQUATIONS

In place of the equations (31), (32), (33) for transient
motion, the corresponding steady-state equations are

F, - Fuselage Drag = O (I-4)
Rs.s.
T, = O (I-5)
FYR S.s. + tSo <.
F2 + Fuselage Weight = O (I-6)

Rs.s

From equation (37), the steady-state rotor-force in the X
direction is substituted into equation (I-=4) above to give

D, = QO [Py (0 G- FB)- fufr F]
'f_KZL\éQF:/%k(fé%h+-0%?;>.é?t—?7%;}+/%¢:j%¥i
"‘43:] L —{ZLIC;/6$§UJE§”A1 + ZfVQ? (f?as
ol )

- U[vr(a, & % 4)]

2 (I-7)

For equation (I-6), with the positive Z direction being down-
ward, referring to equation (39), there is obtained

W= -6, T~ 3 2)- (8,
-%BD*-QL/(Q;,-#A«?‘)@ .
a "Oo 7'/42 -+ A M (1-8)
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I.3 THE HELICOPTER MOMENT EQUATIONS

In steady-state flight, the three equations corresponding
to equations (70), (72), and (7L) are

‘é;sa‘é - ,ﬁékgfzgcﬁz * <;%£S.A;¢§z' * ‘ﬁizsizr
7+ M, =
lees Mf?;,_,, * My = P 1)

73 b o M, *72%’&:0 (I-10)

2
“ " e“: ’ [ 4 .f,

&, * 4, hay - T,

S5 Srs, ° S.s.

/«t = O - (I-11)

To expand these equations, it is required to obtain several
steady-state terms as follows. The rotor moment My, ., was
obtained identically as Mg in equation (56). In other words,
beginning with equation (51), and retaining only steady-state
terms, there 18 obtained

M, = @ ) Q[ G p e, S BE)
“ /o 2 4 QY [-(og +ag)p, 4
= feyfy gl);] + Q,[—ﬁcsyvﬁi_a:]
V[P S+ o3 -k Ex, &
+'Q°z[gfs%“ s 5/- KQ,CAS -"-’;-)g (I-12)

The steady-state fuselage moment is obtained from equation
(58) using the steady-state moment coefficient. The steady-
state tail moment is obtained from equation (61) using the
steady-state inclination angle a/?,o .
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APPENDIX 1II

SPECIPIED PARAMBIERS FOR HRS_3 HELICOPTER
IN _CRUISING FLIGHT

IT.1 The sources of data as well as much of the data used
here can be found in Appendix II of Reference (2)

Gross Weight = 7,50 pounds
Blade-less Helicopter Weight = 7035 pounds
Blade Weight = 138.3 pounds

h 6.9 feet

b =3

C =1.37 feet

e =0.75 feet

JZL = 925 slug £t (blade moment of inertia about
flapping hinge)

A = @4 = 5.73/radian

o>
"

0.012 at operating C:_

S

22.2 rad/sec.
K, = 4333 feet
bt = 2
Tail rotor blade root chord = 1.25 feet
Tail rotor blade tip chord = 0.5 feet
Gear ratio, engine to main rotor = 11.315 : 1
Gear ratio, engine to tail rotor = 1.62 : 1
4‘t’ = 5,568 feet
Ay = 31.33 feet
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M = 0.167 slugs/ft.

Main rotor blades have a linear twist of 8° between
r=0and r =R. (G = 0.1396 rad.)

Airfoil sections beginat r =€ = € + [0.25" = 4.1 ft.

£ = 26.5 feet
2?’ = 32.2 fps®
/P =0.002378 slugs/ft3
/%r = 6.7 sq. ft.
W/ = 90 knots e
Z = 0,97 o I S
-4gr =28 ft, o
T :%;, = 10,000 slug ft2
“Zx = 2200 slug £t
Z3 = 9181 slug f£t°
Z . = 3213.6 slug £t°

II.2 The brake horsepower required for the assumed flight
condition was found from

P — - .
PSS
g »

R —— e ML
- . - - .o
e e

(a) HRS-3 Handbook . AN-OY<230HJA-2
. (b)-~PFigure 'l of M-H Aero Report AD 5143-TR9

to be 525.

It was assumed that the power delivered to the mein rotor
was

0.85 x 525 = Li16 HP

This power was used for (a) main rotor induced losses,
(b) main rotor profile losses, and (c) helicopter parasite
losses. These were determined as follows: From Rotary Wing
Aircraft Handbooks and History (Vol. 6) - Aerodynamics and
Performance of Helicopters, by Klemin and Sikorsky, page 51,
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w
c, = ”,ez/(_o,aef' = O OO0¥3
g = bc‘/ﬂ& = O. O¥#9#
2 G/ = O, /167
3 2
HR ot = CGFp v,e‘/_a f)éB 550)
= /7 6
LA = Vo/_ao/? = 0. 255
Thus g = Y= 1
Com = =L Sl of af
o) 7 5+ % entioned handbook)
Copry = 0.456
29 =1.22 ( » )
Ce®, = 0.0000828 c ~ )
Thus
M = Ca, P 7R (2, 2)7.5'5'0
o =161
C:af~ = 0.013 | (estimated, assumed)
Zp s 4G TR = 72887
- * V;
o, = ,Q%_?‘_ - 227
B = G6E + /67 + 217 = 446

“

II.3 The induced velocity was found from

7 = 7/[2"(8£)‘7’%‘+v-’,0’ J

(see page 37 of aforementioned handbook)
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/1;‘ VN

7 =
g 7 = 7492 pounds

% svaee

. U~ =5 fps.
i
? ITI.4 The tail rotor induced velocity was found from
5 " 7
1 = r 7
; T RGPV
. Z;. = 353 pounds (see IV.1)

Thus, Z_J = 8.4 fps.

IT.5 TUsing the steady-state terms in equation (47), with

f
b 'J:Z%t = 155.14 rad/sec,

| the tall rotor pitch angle is found to be
| = 0.071 rad.
é;étl 71 ra

II.6 Taking the tail rotor power to be 3% of the engine brake
horsepower,

44 = 55.8 frt. 1b.
| On this basis, the steady-state terms in equation (81) lead

e to
(p,,x = 0,0113

| I1I.7 The fuselage longitudinal moment characteristics were
taken largely from Reference (3), in which wind tunnel data

? obtained on a 1/10-scale model of the HRS-3 helicopter fuse-
lage were reproduced. The following expression represents a
good approximation of these moment characteristic data:

Cm_F= - 0. 0002 # 0.0//850y — 0,034/ a%z (II-1)

II.8 The fixed tail surface pltching moment was also found
with the help of Reference (3). The inverted V-type tail
surfaces of the HRS-3 are represented by a straight rectangular
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surface having identical Projected span and chord. The aspect
ratio of this "equivalent™ tail was 3.18 and its area was

r = 5.65 sq.ft. The value of &7 taken in Reference
(3) was 3.56. The effective longitudinal stahilizer pitch
setting (neutral position)-see Figure 8a - was given in Ref-
erence (3) as ¢Cr = «0,1757 radians. Thus, the angle of
attack of the tail (with positive 1ift directed downward) 1is

<Q;. = d; ” a?% - eZ?

o

\

— 0. /428 -+ &? (II-2)
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APPENDIX III
EVALUATION OF INTEGRAL SYMBOLS

. B8R
A' = p—ff-' /LO//L - 3. 005
£ e
A = LA, - 7. 0/5
/<
Ay = //'Céfo ndn = o. 0206
<
e
Ay = PL% |, p, oy < 0 05
As = Ay Coor /a, = 0. ©COo/E9
- ER -
<B: - '/eé??~/£— /13 0%. - SOrS
B, = B, x b = j057/
£
B, = Sl [APdr = 723
- 4 Q/gt 3
By = LX) 2 Adh - 0.7793
/
BS = ’B‘* CDot/'at = O, 00/5/
BR
C = /AZ%E} A At da = 52,63
C; = < x b = /577
R
Cy = Bt [ pn = 03¢
b, Ax [Pt
C‘/ = /e'tzto ’C»t/z’ato//lie = 0.25%
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Cj = C’L X D‘t/@t
pca 3R
D = 7=/ nvdn
D, = D, x b
r~
_ C 4
‘Dg P&JZC 4 /2_%(]/1
Br
£, = A=2 / n
£, = £, % b
i r
fg = CD /__C.:_z_/e O/rt
b G /%
Ey = /&—-—é—- octJA//t
yz
VAR m | oo
e
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APPENDIX IV
SOLUTION OF STEADY-STATE EQUATIONS

IV.l Substituting from equation (I-5), the torque equation
(I-11) becomes

- T ( --/a/ )
Ce, . = Te,, (L= A%,
With only very small error, this can be written

Zt_ _ QJ.S. 44 x 50 #

e s ’€C B 22,2 X 3/ 33 - 353_ (IV-1)

Iv.2 Substituting numerical values from Appendices II and III,
equations I-1, I-2, I-3 becomse

o

3 - /7759 - /77595 &,
5 64[25 gc*",e 5§% /

— 5/55577/25 — ¢53,5 = O (IV-2)
5 - ‘ -
355/&59 Qc% 553 7582 9% 553752 a%
7 HEL3S ~ 6 = -
# Sy — 28476 = o (1V-3)
_ 5/9068ﬁxs — /77:5'95‘/c - O (IV-L)
S

IV.3 Substituting numerical values from Appendices ITI and
II, equations I-7, I-8 become

77519 &, /9; - 230 &. - /52/0 Q/s/%r
# 500 Oy, - 15210 &y f + 500 %, - 9¥30/%,

— /5210 4 3;7,0/9 /4__ ,52,0/% St =0 (IV-5)
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-F4506 &, *+ 30920 Gy + 30420 4,
6929 = O (IV-6)

IV, The fuselage moment, as given by equations (58) and (II-1)
8

M = _ . —res , .2
& 32tz + 205’75’,&6&% -30,6/%fa%

s.s. (IV-17)

The tail moment, as given by equation (61) and the material
in Appendix II.§, is

- 22/.8 - /5488 4, (IV-8)
. 7°

IV.5 The steady-state pitching moment equation (I-9) can
now be written with numerical substitution for the parameters.
It was decided that here, too, the Z.G. offset %; could be
neglected with only small error. Thus,

ég& (29162 /c 3 0% + 53¢ ?5/% - /587~ SF5/6/ ﬁ%}
# 0%(—-2552/%%— /0%71/7/% + 395, 4 0207/7/%)

* oy, (- 3395 fo, - R015R Sy, fy - 07/5,3/9@6?’
_ /Wéa/@c,ﬁﬁ_ * 3 — /o/yy/% + 2ot
+ /77353 “?) — 3 %7’?/9& - 32577/,
-~ //%oi/c; + /532 — /0%99/7/%:.

— 267479 B fles - 108947 A7 = o (17-9)
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IV.6 The six independent steady-state equations (IV-2),
1Iv=3), (IV-Y4), (IV-5), (IV-6), and (IV-9) contain the six
basic steady-state parameters. Solving these equations
simultaneously gave

Q’y = 0,138 radians

o

/%75 = 0,117 radians

/5,(3 = -0.0337 radians

ﬂcs = 0,098l radians

97 = 0.0722 radians

Ec = 0,275 radians
The remaining steady-state equations (I-5), (I-10), {I-11) have
been essentially used in the various calculations in Appendlx
II and IV.l. Note that in the present work it is assumed that

the bullt-in lateral component of rotor thrust 1s such that &,
can be taken as zero. S. %,
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APPENDIX V
EQUATIONS OF MOTION WITH
NUMERICAL COEFFICIENTS

Using the numerical data in the preceding sections of
the Appendix, the equation coefficients and stability deriva-
tives can be evaluated. On this basis, the equations in the
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